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SUMMARY 
A survey i s  presented of i n v i s c i d  t h e o r e t i c a l  methods t h a t  have proven 
u s e f u l  i n  t h e  s tudy of l i f t- genera ted  v o r t i c e s .  
i n v i s c i d  t h e o r i e s  are then presented which have helped t o  guide resea rch  
d i r e c t e d  a t  a l l e v i a t i n g  t h e  v e l o c i t i e s  and r o l l i n g  moments imposed on a i r c r a f t  
en te r ing  t h e s e  wakes. 
Concepts der ived us ing t h e s e  
INTRODUCTION 
The purpose of t h i s  conference i s  t o  present  a s t a t u s  r e p o r t  on resea rch  
d i r e c t e d  a t  reducing t h e  d i s tu rbances  t o  t h e  a i r  behind a i r c r a f t  as  they f l y  
through t h e  atmosphere. 
t h e  hazard t o  smaller a i r c r a f t  t h a t  might encounter t h e s e  wakes. The genera l  
gu ide l ines  given t h i s  r esea rch  are t h a t  n a t u r a l  atmospheric motions b e  assumed 
n e g l i g i b l e  s o  t h a t  t h e  a l l e v i a t i o n  schemes w i l l  be  e f f e c t i v e  on calm days 
when t h e  wakes are bel ieved t o  be  most p e r s i s t e n t .  A f u r t h e r  r e s t r i c t i o n  i s  
t h a t  t h e  a l l e v i a t i o n  i s  t o  be  achieved by aerodynamic means, hopeful ly  t o  be 
accomplished by changes on t h e  wake-generating a i r c r a f t  that are easy t o  
r e t r o f i t  onto e x i s t i n g  a i r c r a f t .  
The o b j e c t i v e  of such a reduct ion is t o  minimize 
With t h e s e  gu ide l ines  as a background, t h i s  paper f i r s t  p r e s e n t s  an  
overview of i n v i s c i d  t h e o r e t i c a l  methods t h a t  have been found u s e f u l  i n  t h e  
s tudy of l i f t- genera ted  wakes. 
by use  of i n v i s c i d  theory  are then described.  
turbulence  on t h e s e  t h e o r i e s  i s  discussed only b r i e f l y  t o  i n d i c a t e  t h e  l i m i t s  
of a p p l i c a b i l i t y  of some of the methods because a survey of t h e o r e t i c a l  
methods that include v i s c o s i t y  and turbulence  i s  t h e  sub jec t  of t h e  next  
paper. 
Several wake- alleviat ion schemes developed 
The e f f e c t  of v i s c o s i t y  and 
The reader  i s  d i r e c t e d  t o  re fe rences  1-8 f o r  o t h e r  papers t h a t  review 
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and summarize r e sea rch  on v o r t i c e s  from a h i s t o r i c a l  o r  t echn ica l  po in t  of 
view not  restricted t o  a l l e v i a t i o n .  
NOMENCLATURE 
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(1 /2)  PU?S 
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S wing a rea  





urn free- stream ve loc i ty ;  a l i n e d  with x a x i s  
maximum c i r cumfe ren t i a l  v e l o c i t y  i n  vor tex  
c i r cumfe ren t i a l  v e l o c i t y  i n  vor tex  
v1 
% 
2x dimensionless coordina tes ,  f o r  example, X = - x,y,z b 
X , Y , Z  coordinates ,  x i s  streamwise and z is v e r t i c a l  
a ang le  of a t t a c k  
r c i r c u l a t i o n  
Y c i r c u l a t i o n  i n  po in t  v o r t i c e s  
V kinematic v i s c o s i t y  
P air  dens i ty  
Subscr ip ts  
f 
g model t h a t  genera tes  wake 
0 c e n t e r l i n e  va lue  of c i r c u l a t i o n  
following model t h a t  encounters wake 
V vor tex  
OVERVIEW OF FLOW FIELD 
It is conyenient t o  d iv ide  t h e  flow f i e l d  i n t o  t h e  s e v e r a l  reg ions  
indica ted  i n  f i g u r e  1. The r o l l u p  reg ion  l i e s  immediately behind t h e  wake- 
generat ing a i r c r a f t  where t h e  wake charac ter  i s  changing r a p i d l y  wi th  d is tance .  
because of self- induced d i s t o r t i o n s .  The p la t eau  region i s  t h a t  a x i a l  incre-  
ment of t h e  wake where t h e  v o r t i c e s  have a nea r ly  constant  s t r u c t u r e .  The 
decay region inc ludes  t h a t  p a r t  wherein s u b s t a n t i a l  d i f f u s i o n  of v o r t i c i t y  
occurs due t o  viscous and turbulence  e f f e c t s .  Various vortex d i spe r s ion  
mechanisms such a s  vor tex  i n s t a b i l i t i e s ,  bu r s t ing ,  o r  breakdown can occur i n  
any of t h e s e  t h r e e  reg ions  and t h e i r  charac ter  may o r  may not  depend on 
v i s c o s i t y  and turbulence.  
experimentally.  
The boundaries of these  reg ions  a r e  determined 
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Since  t h e  wake i s  produced by t h e  lead o r  wake-generating a i r c r a f t ,  any 
a n a l y s i s  of t h e  l i f t- gene ra t ed  wake begins w i th  and depends on t h e  complete- 
ness  and accuracy of t h e  d e s c r i p t i o n  of t h e  flow f i e l d  around t h e  genera tor  
a i r c r a f t .  This aspec t  of t h e  wake-vortex problem has received cons iderab le  
a t t e n t i o n  during t h e  p a s t  several decades, but  a genera l  method is not  y e t  
a v a i l a b l e  f o r  f ind ing  t h e  complete flow f i e l d  i n  order  t o  p r e c i s e l y  de f ine  
t h e  i n i t i a l  condi t ions  f o r  t h e  wake. However, very good approximations t o  
t h e  l i f t - d i s t r i b u t i o n  and wake- start ing condi t ions  may be  obtained by use  of 
i n v i s c i d  v o r t e x- l a t t i c e  computer programs. The s t a t u s  of t h e s e  methods can 
be found i n  re fe rences  9 t o  12, E f f o r t s  are cu r r en t ly  being made t o  inc lude  
t h e  e f f e c t  of t h e  r o l l u p  of t h e  wake on t h e  l i f t  d i s t r i b u t i o n  (e .g . ,  r e f s .  12- 
15). 
r e f s ,  13 and 14) show t h a t  t h e  r o l l u p  of t h e  vor tex  shee t  can a f f e c t  t h e  span 
loading s u b s t a n t i a l l y  a t  t h e  wing t i p s  when t h e  wing i s  a t  high ang le s  of 
a t t a c k .  The agreement of t h a t  p r e d i c t i o n  wi th  t h e  experimental  span- loading 
measurements of Chigier  and C o r s i g l i a  ( r e f .  16) i s  much b e t t e r  than t h e  r e s u l t  
obtained when t h e  vor tex  wake is assumed t o  remain f l a t  o r  i n  a plane without 
r o l l i n g  up from i t s  edges. Such a change i n  span loading has  an e f f e c t  on 
t o t a l  l i f t ,  but  t he  much l a r g e r  e f f e c t  appears i n  t h e  d i s t r i b u t i o n  of v o r t i c-  
i t y  i n  t h e  wake. Caution should the re fo re  be exercised when a f l a t  wake i s  
assumed i n  c a l c u l a t i n g  t h e  span loading on t h e  generat ing wing because the  
The comparisons i n  f i g u r e  2 (prepared by Maskew using t h e  method of 
loading g rad ien t s  a t  t he  wing t i p  may not  represen t  t h e  c o r r e c t  concent ra t ion  
of v o r t i c i t y .  
made a t  s m a l l  ang les  of a t t a c k  ( i . e . ,  a 5 1 2 O )  so t h e  accuracy of t h e  f l a t  
wake approximation w a s  adequate. For t h e s e  c a l c u l a t i o n s ,  a modified ve r s ion  
of a program by Hough ( r e f .  17 )  w a s  used. 
Most of t h e  wind-tunnel s t u d i e s  a t  Ames Research Center w e r e  
Downstream of t h e  generat ing a i r c r a f t ,  t h e  v o r t i c i t y  shed by t h e  l i f t i n g  
su r f aces  u sua l ly  r o l l s  up i n t o  two o r  more coun te r ro t a t i ng  (or  p a i r s )  vor-  
tices i n  t h e  r o l l u p  reg ion  shown i n  f i g u r e  1. 
q u i t e  w e l l  by i n v i s c i d  ana lyses ,  but  as t h e  w a k e  ages ( i . e . ,  f u r t h e r  down- 
stream) v i s c o s i t y  and tu rbulence  cause d i f f e r e n c e s  t o  i n c r e a s e  between t h e  
i n v i s c i d  r e s u l t  and t h e  a c t u a l  f low f i e l d .  
so- called r o l l u p  and p l a t eau  reg ions  (discussed l a t e r )  may b e  approximated 
This  process  i s  approximated 
Flow processes  t h a t  occur i n  the 
1 2  
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f a i r l y  w e l l  by i n v i s c i d  t h e o r i e s ,  bu t  t h e  decay reg ion  r e q u i r e s  more complete 
t h e o r i e s  t h a t  inc lude v i s c o s i t y  and turbulence.  
The wake-vortex problem exists because, a t  some d i s t a n c e  behind t h e  
genera t ing a i r c r a f t ,  another  a i r c r a f t  may encounter t h e  wake. The o b j e c t i v e  
of t h i s  r esea rch  program i s  t o  f i r s t  eva lua te  t h e  loads  caused by t h e  wake 
on t h i s  fol lowing a i r c r a f t  and then t o  reduce them t o  a t o l e r a b l e  level by 
some s o r t  of a l l e v i a t i o n  scheme. Although many types  of encounter are possi-  
b l e ,  t h e  NASA program concentrated on t h e  axial p e n e t r a t i o n  of t h e  wake 
( ind ica ted  i n  f i g .  1) because it seemed t h e  most l i k e l y  t o  happen during 
landing. The flow f i e l d  over t h e  fo l lower  induced by t h e  wake i s  then 
approximated by t h e  same i n v i s c i d  s t eady- s ta te  t h e o r i e s  used t o  model t h e  
genera tor ,  but  an allowance must now b e  made f o r  t h e  nonuniform p r o p e r t i e s  
of t h e  incoming airstream. Another s e c t i o n  desc r ibes  t h e  t h e o r i e s  used t o  
analyze t h e  f low over t h e  fo l lower  and t h e  comparisons made wi th  experiment. 
WAKE ROLLUP 
Severa l  methods are d i scussed  he re  f o r  p r e d i c t i n g  how t h e  v o r t i c i t y  
d i s t r i b u t i o n  i n  t h e  wake immediately behind t h e  l i f t- g e n e r a t i n g  s u r f a c e s  
changes from a n e a r l y  f l a t  spanwise d i s t r i b u t i o n  i n t o  two c i r c u l a r  regions  
of v o r t i c i t y  ( f i g .  3 ) .  This  reshaping process  i s  usua l ly  r e f e r r e d  t o  as t h e  
r o l l u p  of t h e  wake o r  vor tex  shee t  shed by t h e  wing. The methods and t o p i c s  
discussed now are: 
e Two-dimensional time-dependent motion of p o i n t  v o r t i c e s  
e Three-dimensional time-dependent motion of vor tex  f i l aments  
0 Direct- and inverse- rol lup t h e o r i e s  
e Pla teau  and decay regions  f o r  i s o l a t e d  vor tex  
I d e a l l y ,  it would b e  d e s i r a b l e  t o  treat t h e  r o l l u p  of the d i s t r i b u t e d  
v o r t i c i t y  by a numerical scheme that includes  the boundary l a y e r  on t h e  wing, 
fuse lage ,  and o t h e r  su r faces  along wi th  t h e  drag of t h e  landing gear  and t h e  
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t h r u s t  of t h e  engines. F in i t e- di f fe rence  methods f o r  t h e  two- and three-  
dimensional time-dependent a spec t s  of  t h e  flow f i e l d  are being developed and 
improved upon by several resea rch  groups wi th  t h e  hope t h a t  such a more com- 
p l e t e  a n a l y s i s  of t h e  wake can be  made. Although these  more complex methods 
make it p o s s i b l e  t o  more accura te ly  represen t  t h e  s t r u c t u r e  of t h e  wake, they 
are no t  easy t o  use and r e q u i r e  v a r i a b l e  g r i d  s i z e s  and l a r g e r  amounts of com- 
p u t e r  t i m e .  
d iscussed f u r t h e r  here.  
v e l o c i t i e s  are discussed i n  another sec t ion .  
Since  t h e s e  methods usua l ly  include v i s c o s i t y ,  they w i l l  not  be 
Methods s p e c i f i c a l l y  designed f o r  reducing wake 
Two-Dimensional Time-Dependent Motion of Point  Vor t i ces  
Since  t h e  v e l o c i t y  f i e l d  of a p o i n t  vor tex  i s  known i n  c losed form, a 
simple r e p r e s e n t a t i o n  of  t h e  wake i s  obtained by rep lac ing  t h e  continuous 
d i s t r i b u t i o n  of v o r t i c i t y  wi th  a d i s t r i b u t i o n  of poizlt v o r t i c e s  t h a t  move 
wi th  t i m e .  This method w a s  app l i ed  t o  vor tex  s h e e t s  by Rosenhead ( r e f .  18) 
and Westwater ( r e f .  19)  over 40 years  ago and i t  has  been used ex tens ive ly  
since then t o  estimate t h e  reshaping of the v o r t i c i t y  d i s t r i b u t i o n  i n  wakes 
wi th  t i m e  o r  d i s t a n c e  behind t h e  genera t ing wing. The a n a l y s i s  i s  c a r r i e d  
out  as a two-dimensional time-dependent problem i n  t h e  so- called T r e f f t z  
p lane  ( f i g .  3 ) .  An example of an e l l i p t i c a l l y  loaded wing i s  presented i n  
f i g u r e  4 ( taken from r e f .  20). Est imating t h e  wake r e s t r u c t u r i n g  by such a 
time-dependent method has two p r i n c i p a l  d i f f i c u l t i e s .  The f i r s t  i s  t o  assess 
t h e  numerical accuracy of t h e  c a l c u l a t i o n s  and t h e  second i s  t o  i n t e r p r e t  
t h e  r e s u l t s .  
A v a r i e t y  of papers have e labora ted  on t h e  shortcomings of t h e  method 
and have introduced ways t o  remedy t h e s e  shortcomings (e.g. ,  r e f s .  2 1  t o  27) .  
These d i scuss ions  genera l ly  agree  t h a t  t h e  s p i r a l  shape a t  t h e  edges of vor tex  
s h e e t s  i s  o f t e n  not  w e l l  s imulated by t h e  vor tex  a r r a y  and t h a t  t h e  po in t  
v o r t i c e s  sometimes undergo excurs ions  bel ieved t o  be assoc ia ted  wi th  t h e  
vor tex  a r r a y  and n o t  wi th  t h e  vor tex  shee t  being represented.  
have been introduced r e c e n t l y  ( r e f s .  25 t o  27) t o  s t a b i l i z e  t h e s e  vor tex  
motions and t o  e l imina te  t h e  excurs ions  bel ieved n o t  t o  b e  a p a r t  of the 
vortex- sheet  s t r u c t u r e .  Although t h e s e  techniques suppress vor tex  excursions 
Severa l  methods 
and s h e e t  kinking,  they a l s o  in t roduce  another  e r r o r  source. The u s e  of 
f i n i t e  cores  i n  the v o r t i c e s  suggested by Chorin and Bernard ( r e f .  25) and 
Kuwahara and Takami ( r e f .  26) o r  t h e  accumulation of v o r t i c e s  a t  t h e  c e n t e r  
of t h e  s p i r a l  as suggested by Moore ( r e f .  27) a l l  con ta in  a r b i t r a r y  parameters 
n o t  r e l a t e d  t o  the conservat ion equat ions  f o r  t h e  f l u i d  they are t o  represent .  
The computed r e s u l t s  may then appear more reasonable than those  obtained from 
point  v o r t i c e s ,  but  t h e  q u a n t i t a t i v e  accuracy is  uncer ta in .  F i n i t e  vor tex  
cores i n s t e a d  of po in t  v o r t i c e s  were used i n  some of t h e  cases analyzed,  
and t h e  vor tex  motions w e r e  smoothed. The q u a l i t a t i v e  n a t u r e  of t h e  s o l u t i o n s  
w a s  found n o t  t o  change i f  t h e  core  r a d i u s  chosen f o r  t h e  v o r t i c e s  w a s  less 
than t h e  i n i t i a l  spacing of t h e  v o r t i c e s .  However, t h e  vor tex  motions were 
found t o  depend on t h e  core  s i z e  chosen. Another method has  r e c e n t l y  been 
introduced by Maskew ( r e f .  14) which enables an  improved r e p r e s e n t a t i o n  of 
continuous vor tex  s h e e t s  by breaking t h e  primary d i s c r e t e  v o r t i c e s  used i n  
t h e  represen ta t ion  i n t o  subvor t i ces  when and where needed. 
NwnerieaZ aeeuraey - The motion of a number of two-dimensional po in t  
v o r t i c e s  i n  an incompressible f l u i d  i s  a problem f o r  which numerical ca lcula-  
t i o n s  are known t o  be  unstable ;  consequently, any i n i t i a l  e r r o r  grows w i t h  
each t i m e  s t e p .  
l a r g e  number of s i g n i f i c a n t  f i g u r e s  (double p r e c i s i o n  on most computers) 
i n  t h e  hope t h a t  t h e  d e s i r e d  r e s u l t  can be  achieved before  accumulated e r r o r s  
Fbr t h i s  reason,  t h e  c a l c u l a t i o n s  are usua l ly  begun wi th  a 
wipe ou t  a l l  t h e  accuracy. It i s  a l s o  e s s e n t i a l  t h a t  t h e  accuracy o r  e r r o r  
accumulation be  monitored during t h e  c a l c u l a f i o n s  t o  d e t e c t  an inappropr ia te  
choice  of mesh s i z e  o r  excessive e r r o r  growth. For example, Westwater 
( r e f .  19)  used t h e  f i r s t  moment of v o r t i c i t y  as an i n d i c a t o r  of accuracy. 
When s u i t a b l e  e r r o r  monitors are used, it i s  p o s s i b l e  t o  determine whether 
seemingly u n r e a l i s t i c  r e s u l t s  are a t t r i b u t a b l e  t o  numerical e r r o r  o r  t o  
p r o p e r t i e s  of t h e  vor tex  a r r a y  being analyzed. 
Three e r r o r  monitoring parameters are used i n  t h e  c a l c u l a t i o n s  made a t  
Ames : 
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(1) The f i r s t  moment of v o r t i c i t y  f o r  each s i d e  ( t o  reduce t h e  l i k e l i -  
hood of compensating e r r o r s  due t o  symmetry): 
(2) The second moment of v o r t i c i t y  J about t h e  c e n t e r  of g r a v i t y  f o r  
t h e  v o r t i c e s  on each s i d e :  
(3 )  The Kirchhoff-Routh p a t h  func t ion  W r  f o r  t h e  e n t i r e  a r r a y  of 
v o r t i c e s  (e.g.,  r e f .  28 ) :  
Note t h a t  none of t h e s e  q u a n t i t i e s  are used i n  t h e  time-dependent c a l c u l a t i o n s  
nor do they depend on t h e  numerical i n t e g r a t i o n  scheme used. They are period-  
i c a l l y  evaluated (usua l ly  a f t e r  every 10 o r  20 s t e p s )  t o  a s c e r t a i n  how much 
e r r o r  has  accumulated i n  t h e  p o s i t i o n s  of t h e  assembly of v o r t i c e s .  It w a s  
found t h a t  t h e  Kirchhoff-Routh pa th  func t ion  w a s  t h e  f i r s t  t o  i n d i c a t e  t h e  
presence of e r r o r s  i n  t h e  ca lcula t ’ ions  and t h a t  t h e  f i r s t  moment of v o r t i c i t y  
w a s  ha rd ly  ever a f f e c t e d ;  t h a t  i s ,  t h e  f i r s t  moment i s  t h e  least s e n s i t i v e  of 
t h e  t h r e e  accuracy monitors.  When enough s i g n i f i c a n t  f i g u r e s  are r e t a i n e d  
i n  t h e  r e s u l t s  t o  cover t h e  p l o t t i n g  accuracy, t h e  g ross  a s p e c t s  and t r e n d s  
of the v o r t e x  sheet observed i n  va r ious  experiments appear t o  b e  modeled 
c o r r e c t l y .  
Interpretation of data - The i n t e r p r e t a t i o n  of t h e  po in t  v o r t e x  d i s t r i b u-  
t i o n  i n  terms of a continuous d i s t r i b u t i o n  is  no t  s t r a igh t fo rward .  A tech-  
nique 
v o r t i c e s  i n  t h e  wake were known t o  b e  assoc ia ted  wi th  a given r o t a t i o n a l  
motion, f o r  example, v o r t i c e s  on one s i d e  of an  e l l i p t i c a l l y  loaded wing. 
from r e f e r e n c e  20 provided a vor tex  s t r u c t u r e  when a group of p o i n t  
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Within each such group, t h e  d i s t r i b u t i o n  of point  v o r t i c e s  w a s  f i r s t  r e i n t e r-  
pre ted  as a stepwise r a d i a l  d i s t r i b u t i o n  of c i r c u l a t i o n  about t h e  c e n t r o i d  of  
v o r t i c i t y  f o r  one s i d e  of t h e  wing. 
t i c i t y  assoc ia ted  wi th  a po in t  vor tex  i n  t h e  a r r a y  is spread uniformly on a 
r i n g  wi th  a r a d i u s  equal  t o  t h e  d i s t a n c e  of t h e  vor tex  from t h e  cent roid .  
ind ica ted  i n  f i g u r e  5, t h e  r e s u l t i n g  s tepwise  curve f o r  c i r c u l a t i o n  as a 
func t ion  of  r a d i u s  agrees  q u i t e  w e l l  wi th  t h e  v a r i a t i o n  p red ic ted  by Betz' 
theory  ( r e f s .  29 and 30) f o r  e l l i p t i c  loading even though r o l l u p  i s  no t  
e n t i r e l y  completed ( f ig .  4(b)) .  A f a i r e d  curve through t h e  s tepwise  v a r i a t i o n  
could then b e  used t o  determine t h e  c i rcumferen t i a l  v e l o c i t y  d i s t r i b u t i o n  i n  
t h e  vor tex .  
This  w a s  done by assuming t h a t  t h e  vor- 
A s  
An i n t e r p r e t a t i o n  d i f f i c u l t y  does n o t  arise, however, i n  t h o s e  s i t u a t i o n s  
wherein t h e  observat ion po in t  l ies  w e l l  ou t s ide  t h e  v o r t i c a l  region.  For 
example, r e p r e s e n t a t i o n  of t h e  wakes of most conventional  a i r c r a f t  i n  t h e  f a r  
f i e l d  by two p o i n t  o r  l i n e  v o r t i c e s  i s  q u i t e  adequate f o r  determining t h e i r  
motion i n  t h e  presence of t h e  ground and a crosswind. Comparisons of theore t-  
i ca l  p o s i t i o n s  measured f o r  v o r t i c e s  (e.g., r e f s .  31-35) and a p red ic ted  
unsteady p ressure  f i e l d  wi th  t h a t  measured on t h e  ground ( r e f .  3 6 )  provide 
i n s i g h t  i n t o  t h e  adequacy of t h e  approximations f o r  va r ious  circumstances. 
Three-Dimensional Time-Dependent Motion of Vortex Filaments 
The po in t  vor tex  r e p r e s e n t a t i o n  of quasi-two-dimensional wakes can be  
extended i n t o  t h e  f u l l  three- dimensional time-dependent case by use  of  vor tex  
f i l aments  i n s t e a d  of p o i n t  v o r t i c e s .  Typical  a p p l i c a t i o n s  of t h i s  technique 
t o  t h e  a n a l y s i s  of wake v o r t i c e s  has  been made i n  re fe rences  37 t o  44. 
Summation of the c o n t r i b u t i o n s  t o  t h e  v e l o c i t y  f i e l d  (e.g.,  by t h e  Biot-  
Savart  law) must b e  made along t h e  e n t i r e  l e n g t h  of each f i lament  r a t h e r  than  
j u s t  a pointwise  summation. 
cumbersome and in t roduces  f u r t h e r  sources  f o r  numerical e r r o r s  and i n s t a b i l-  
i t ies .  Unfortunately,  s imple conservat ion r e l a t i o n s h i p s  are n o t  a v a i l a b l e  
f o r  three- dimensional f i l aments  t h a t  permit  an easy eva lua t ion  of e r r o r  growth 
as t h e  computation proceeds. A f u r t h e r  complicat ion no t  present  i n  t h e  two- 
dimensional case is that  i n f i n i t e  self- induced v e l o c i t i e s  occur i f  t h e  
The increase i n  c a l c u l a t i o n  time requ i red  becomes 
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f i l ament  i s  assumed t o  have ze ro  c o r e  radius .  This d i f f i c u l t y  is u s u a l l y  
circumvented by assuming a n  a r t i f i c i a l  co re  o r  cu to f f  r a d i u s  w i t h i n  which 
t h e  v e l o c i t y  decreases  t o  zero  as t h e  c e n t e r  of t h e  f i l ament  is approached. 
The numerical  s o l u t i o n  t h e r e f o r e  may o r  may no t  depend s t r o n g l y  on the c o r e  
r a d i u s  o r  ax ia l  flow along t h e  c o r e  (e.g., r e f .  4 4 ) .  I f  the s o l u t i o n  is 
s t r o n g l y  dependent on c o r e  diameter ,  t h e  a n a l y s i s  should probably b e  c a r r i e d  
o u t  by use  of a f i n i t e- d i f f e r e n c e  method so t h a t  a more realistic representa-  
t i o n  of t h e  v o r t i c i t y  d i s t r i b u t i o n  i s  used i n  t h e  t h e o r e t i c a l  model. 
Despi te  t h e  foregoing disadvantages,  t h e  vortex- filament approximation 
has  been u s e f u l  i n  p r e d i c t i n g  t h e  more genera l  s t r u c t u r e  of a i r c r a f t  wakes 
as they approach a i r p o r t s .  Considerable e f f o r t  has  a l s o  been devoted t o  t h e  
i n v e s t i g a t i o n  of the self- induced i n s t a b i l i t i e s  of a vortex p a i r  observed 
by Scorer  ( r e f s .  45,  4 6 )  and o t h e r s  t o  sometimes b e  respons ib le  f o r  t h e  
breakup of a i r c r a f t  wakes (e.g., r e f s .  45- 48) .  The i n i t i a t i o n  and growth 
c h a r a c t e r i s t i c s  of t h e s e  i n s t a b i l i t i e s  (which can lead t o  breakoff  and l i n k i n g  
t o  form loops from two p a r a l l e l  and coun te r ro ta t ing  v o r t i c e s )  are reviewed 
i n  t h e  s e c t i o n  on i n v i s c i d  a l l e v i a t i o n  schemes. 
Direct- and Inverse-Rollup Theories 
Direct-roZZup theory - A t h e o r e t i c a l  t o o l  f requen t ly  used t o  s tudy t h e  
c i rcumferen t i a l  v e l o c i t y  d i s t r i b u t i o n  i n  l i f t- genera ted  v o r t i c e s  i s  t h e  simple 
r o l l u p  method of  Betz ( r e f .  29) .  H i s  theory  is  based on t h e  conservat ion 
equat ions  f o r  i n v i s c i d ,  two-dimensional v o r t i c e s  and relates t h e  c i r c u l a t i o n  
i n  t h e  f u l l y  developed vor tex  t o  t h e  span loading on t h e  genera t ing wing. 
The s i m p l i c i t y  of t h e  method r e s u l t s  from the assumptions t h a t  t h e  vor tex  i s  
completely r o l l e d  up and t h a t  t h e  r o l l u p  process  is i n v i s c i d .  To achieve a 
unique r e s u l t ,  t h e  v o r t e x  s h e e t  i s  assumed t o  r o l l  up i n  an o r d e r l y  fash ion  
from t h e  wing t i p  inboard,  so t h a t  success ive  l a y e r s  of t h e  s h e e t  are wrapped 
around t h e  cen te r  and over previous  wrappings ( f i g .  3 ) .  Any axial  o r  stream- 
w i s e  v a r i a t i o n  i n  t h e  f low v e l o c i t y  i s  assumed t o  have a n e g l i g i b l e  e f f e c t  
on t h e  r o l l u p  process.  The Betz method does no t  treat  t h e  t r a n s i t i o n  o r  
in te rmedia te  s t a g e s  between t h e  i n i t i a l  v o r t e x  s h e e t  behind t h e  wing and 
t h e  f i n a l  rolled- up vor tex  s t r u c t u r e .  When t h e  d e r i v a t i o n  i s  completed 
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(e.g., r e f .  30), t h e  v o r t e x  s t r u c t u r e  is r e l a t e d  t o  t h e  span loading on the 
genera t ing wing by 
r v ( r l )  = TW(Y1) ( 4 )  
where t h e  r a d i u s  i n  t h e  v o r t e x  r i s  r e l a t e d  t o  a spanwise s t a t i o n  on t h e  
1 
wing Y 1  by 
The symbol rW denotes t h e  bound c i r c u l a t i o n  on t h e  wing and rV, t h e  
c i r c u l a t i o n  i n  t h e  f u l l y  developed vor tex .  
n o t  appear t o  have been used ex tens ive ly  f o r  a number of y e a r s  a f t e r  i t s  f i r s t  
d e r i v a t i o n ,  it has  r e c e n t l y  been demonstrated by Donaldson et a l .  ( r e f s .  49, 
50) t o  be  u s e f u l  and o f t e n  more a c c u r a t e  than more complex methods. The 
favorable  p u b l i c i t y  given t o  t h e  Betz method by Donaldson l e d  t o  an elabora-  
t i o n  of t h e  theory and t h e  more examples by Mason and Marchman ( r e f .  51) and 
t o  t h e  use  of t h e  r o l l u p  theory by Srown ( r e f .  52)  t o  p r e d i c t  t h e  a x i a l  flow 
Although t h e  Betz theory  does 
v e l o c i t y  i n  t h e  vor tex .  
by t h e  i n v i s c i d  r o l l u p  theory  i s  presented i n  f i g u r e  6 .  
( r e f .  53) w e r e  obtained wi th  a three-component hot-wire probe, and t h e  span 
loading f o r  t h e  Betz c a l c u l a t i o n  w a s  obta ined wi th  a v o r t e x- l a t t i c e  theory  
( r e f .  1 7 ) .  It appears t h a t  v i scous  e f f e c t s  have n o t  a l t e r e d  t h e  vor tex  
s t r u c t u r e  appreciably  i n  t h e s e  cases. Recently, B i lan in  and Donaldson 
( r e f .  54) have extended t h e  r o l l u p  theory  t o  inc lude  t h e  drag of t h e  wing 
and of turbulence  i n j e c t i o n  devices .  
A t y p i c a l  example of t h e  good r e p r e s e n t a t i o n  provided 
The experimental  d a t a  
Inverse roZZup theory - A s  more experimental  v e l o c i t y  d a t a  w e r e  accumu- 
l a t e d  wi th  t h e  ground-based f a c i l i t i e s  ( r e f s .  53 and 55) ,  it became d e s i r a b l e  
t o  relate t h e  vor tex  s t r u c t u r e  backward t o  t h e  span loading on t h e  wing t h a t  
generated t h e  vortex.  
method ( r e f .  56) based on t h e  same b a s i c  equations and assumptions as t h e  
direct- Betz method. The d e r i v a t i o n  i s  begun wi th  t h e  express ion presented 
This l e d  t o  what might b e  c a l l e d  an inverse-Betz 
previously  t h a t  relates t h e  r a d i u s  r l  i n  t h e  vor tex  t o  t h e  spanwise 
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s t a t i o n  on t h e  wing y, which conta ins  a given amount of c i r c u l a t i o n .  Af te r  
some simple manipulations and because t h e  vor tex  i s  a x i a l l y  symmetric, so  t h a t  
t h e  c i r c u l a t i o n  may be w r i t t e n  as 
becomes 
I' = 2arlv0,  t h e  i nve r se  r e l a t i o n s h i p  
V 
where v i s  t h e  measured c i r cumfe ren t i a l  v e l o c i t y  i n  t h e  vor tex .  
0 
Two sample cases presented i n  f i g u r e s  7(a)  and -(b) inc lude  t h e  measured 
vor tex  s t r u c t u r e ,  t h e  span loading in fe r r ed  from these  measurements by the  
i nve r se  r o l l u p  method, and, f o r  comparison, t h e  span loading pred ic ted  by 
v o r t e x- l a t t i c e  theory.  These r e s u l t s  show t h a t  t h e  i nve r se  r o l l u p  theory 
can recover t h e  span loading on t h e  generat ing wing f a i r l y  accura te ly .  With 
almost a l l  conf igura t ions ,  a d i f f e r e n c e  occurs  near  t h e  wing t i p  as a r e s u l t  
of t h e  f i n i t e  co re  s i z e  and solid-body r o t a t i o n  i n  t h e  vor tex  near  r = 0. 
The magnitude of t h e  d i s t o r t i o n  i n  span loading depends on t h e  s i z e  of t h e  
core ,  which is  inf luenced by the  cha rac t e r  of t h e  boundary l aye r  on t h e  wing 
and on t h e  viscous and tu rbu len t  shear  f o r c e s  i n  t h e  vor tex  i t s e l f .  I n  most 
cases ,  t he se  d i s t o r t i o n s  appea r  t o  be s m a l l  and t o  occur only near  t h e  wing 
t i p .  
Region of appZicabiZity of rozzup theories - The s i m p l i c i t y  of both t h e  
d i r e c t  and t h e  i nve r se  r o l l u p  methods r e s u l t s  from t h e  assumptions t h a t  t h e  
vor tex  i s  completely r o l l e d  up and t h a t  t h e  r o l l u p  process  is i n v i s c i d .  
two assumptions then l i m i t  t h e  downstream i n t e r v a l  over which t h e  t h e o r i e s  
apply.  
r o l l u p  of t h e  vo r t ex  shee t  i s  l a r g e l y  completed and can be es t imated by use 
of i n v i s c i d ,  time-dependent r o l l u p  ca l cu l a t ions .  Resu l t s  such as those  i n  
f i g u r e s  6 and 10 of Rossow ( r e f .  20) i n d i c a t e  t h a t  a major p a r t  of t h e  r o l l u p  
process  behind many wings can be considered p r a c t i c a l l y  complete w i th in  as 
few as 3 t o  5 span l eng ths  behind t h e  generat ing wing. 
These 
The upstream end of t h e  r eg ion  of a p p l i c a b i l i t y  begins  where t h e  
The downstream end of t h e  reg ion  of a p p l i c a b i l i t y  is t h e  d i s t a n c e  a t  
which v i scous  and tu rbu len t  decay of t h e  vor tex  has modified i ts  s t r u c t u r e  
t o  t h e  ex t en t  t h a t  t h e  i n v i s c i d  theory no longer  approximates it. An 
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estimate f o r  t h i s  l i m i t  can be obtained from t h e  r ecen t  d a t a  of Ciffone and 
Orloff ( r e f .  55) wherein a so- called p l a t eau  reg ion  (discussed i n  t h e  next 
s ec t ion )  is i d e n t i f i e d .  Within t h i s  p la teau  region,  they found t h a t  t h e  
vortex decays very  l i t t l e ,  bu t  it is followed by a region where t h e  vor tex  
decays roughly as t'lI2. These cons idera t ions  suggest  t h a t  t h e  reg ion  of 
a p p l i c a b i l i t y  of t h e  Betz method l ies between about 3 span lengths  and the  
downstream end of t h e  p l a t eau  reg ion ,  which i s  est imated from t h e  d a t a  of 
Ciffone and Orloff  ( r e f .  55). Another consequence of t h e  i nv i sc id  r o l l u p  
assumption i s  t h a t  excessively high v e l o c i t i e s  a r e  o f t e n  pred ic ted  a t  and 
near  t h e  cen te r  of t h e  vortex.  Nevertheless ,  comparisons made by Donaldson 
e t  a l .  ( r e f s .  49 ,  50, and 5 4 )  have shown t h a t  ou t s ide  the  core  region ( rad ius  
of maximum c i r cumfe ren t i a l  v e l o c i t y ) ,  t h e  Betz r o l l u p  theory y i e l d s  r e l i a b l e  
estimates f o r  t h e  vor tex  s t r u c t u r e .  
P la teau  and Decay Regions f o r  I s o l a t e d  Vortex 
The accuracy with which both t h e  i n v i s c i d  d i r e c t-  and inverse-Betz 
methods relate t h e  span loading t o  t h e  vor tex  s t r u c t u r e  suggests  t h a t  e i t h e r  
t h e  e a r l y  h i s t o r y  of t h e  vor tex  is  nea r ly  i nv i sc id  o r  t h a t  t h e  decay process  
i s  very slow. The c o r r e c t  i n t e r p r e t a t i o n  appeared when t h e  c i r cumfe ren t i a l  
v e l o c i t y  w a s  measured by Ciffone and Orloff  ( r e f .  55) a t  a number of s t a t i o n s  
behind s e v e r a l  generat ing wings. Figure  8 ,  taken d i r e c t l y  from t h e i r  paper,  
shows t h a t  t h e  maximum c i r cumfe ren t i a l  v e l o c i t y  is  e s s e n t i a l l y  unchanged 
f o r  approximately 40 span lengths  behind those  t h r e e  wings. 
decay of t h e  vor tex ,  which i s  inve r se ly  p ropor t i ona l  t o  t h e  square  r o o t  of 
d i s t ance ,  then begins t o  occur. 
shown i n  f i g u r e  8 approximate t h e  d a t a  i n  each region.  
a p la teau  (near ly  i nv i sc id )  and a decay reg ion  i s  a l s o  ind ica ted  i n  Donaldson's 
a n a l y s i s  ( r e f .  57) of t h e  decay of a vor tex  using h i s  second-order c lo su re  
model f o r  turbulence.  
t h e  same c h a r a c t e r i s t i c  p l a t eau  and decay regions,  Iversen  ( r e f .  58) set about 
f ind ing  an explanat ion f o r  t h e  onset  of decay. 
t u rbu len t  vor tex,  he w a s  a b l e  t o  c o r r e l a t e  t h e  d a t a  obtained i n  ground-based 
f a c i l i t i e s  and i n  f l i g h t  i n t o  t h e  s i n g l e  curve shown i n  f i g u r e  9 ( taken from 
Iversen,  r e f .  58). 
The expected 
The two s t r a i g h t  l i n e s  f o r  each conf igura t ion  
The presence of both 
S ince  a wide v a r i e t y  of wing planforms a l l  exhib i ted  
By using a se l f- s imi l a r  
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Ive r sen ' s  Reynolds number func t ion  f (r0/v) i s  convenient ly  equal  t o  
1.0 f o r  Reynolds numbers over l o6 .  
c o r r e l a t i o n  func t ions ,  Ciffone ( r e f .  59) has developed an empir ica l  r e l a t i o n-  
s h i p  t h a t  makes it poss ib l e  t o  p r e d i c t  e a s i l y  t h e  end of t h e  p l a t eau  reg ion  
and t h e  peak s w i r l  v e l o c i t y  i n  v o r t i c e s .  The information gained by Iversen 
( r e f .  58) and Ciffone ( r e f .  59) w a s  then extended by Iversen  ( r e f .  60) t o  
a numerical  a n a l y s i s  of an  i s o l a t e d  vor tex  us ing  a mixing l eng th  model f o r  
t h e  eddy v i s c o s i t y .  The i n i t i a l  d a t a  f o r  t h e  s t r u c t u r e  of t h e  vo r t ex  were 
obtained using t h e  r o l l u p  theory based on span loading. 
sis i s  then a b l e  t o  p r e d i c t  t h e  s t r u c t u r e  of t h e  vor tex  i n  t h e  p l a t eau  region,  
through t h e  t r a n s i t i o n  process ,  and i n t o  t h e  decay region. 
From t h e  d a t a  of r e f e rence  55 and these  
The numerical  analy- 
The s i m p l e  Betz r o l l u p  t h e o r i e s  assumed t h a t  each vor tex  i n  t h e  p a i r  acts 
independently of t h e  o the r  ( i . e . ,  as i f  it  were i s o l a t e d ) .  The f a c t  t h a t  such 
an assumption i s  v a l i d  f o r  l a r g e  d i s t ances  i n t o  t h e  wake w a s  p red ic ted  i n  t h e  
t h e o r e t i c a l  work of Nielsen and Schwind ( r e f .  2 ,  p. 4 1 3 ) .  The very slow decay 
of an i s o l a t e d  vor tex  o r  of a s i n g l e  p a i r  i n d i c a t e s  t h a t  r a d i c a l  changes must 
be  made i n  t hese  l i f t- gene ra t ed  wakes i f  t h e  hazard t o  encountering a i r c r a f t  
i s  t o  be s u b s t a n t i a l l y  reduced. 
ROLLING MOMENT ON ENCOUNTERING WING - AXIAL PENETRATION 
Another a spec t  of t h e  wake-vortex problem t h a t  is  approximated f a i r l y  
w e l l  by inv i sc id  theory 'is t h e  es t imat ion  of t h e  r o l l i n g  moment on a wing as 
it encounters th.e wake v o r t i c e s .  A s imple  and reasonably accu ra t e  method i s  
needed t o  n o t  only eva lua t e  t h e  rolling-moment hazard posed by wakes of exist- 
ing a i r c r a f t  bu t  a l s o  t o  compare a l l e v i a t i o n  schemes. 
r e s t r i c t e d  t o  a x i a l  pene t r a t i ons  and cross- vortex pene t r a t i ons  were not  
s tud ied .  (Refs. 1 ,  2,  5 ,  53, and 61-88 presen t  t h e  r e s u l t s  of s t u d i e s  of t h e  
wake encounter problem.) 
encounter i s  less hazardous, but  t h a t  en t ry  i n t o  t h e  vo r t ex  along t h e  axis  
The NASA s t u d i e s  w e r e  
This  is n o t  meant t o  imply t h a t  a cross- vortex 
i s . p robab ly  t h e  most l i k e l y  t o  occur during landing and takeoff  operat ions .  
I f  t h e  f l i g h t  pa th  of t h e  following a i r c r a f t  i s  along o r  only s l i g h t l y  off  
a x i a l ,  t h e  flow f i e l d  is  approximated by s teady- s ta te  t heo r i e s .  The schematic 
diagram i n  f i g u r e  1 0  i n d i c a t e s  t h e  way i n  which t h e  r o l l i n g  moment on t h e  
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following wing is analyzed. 
t o  t h e  free- stream ve loc i t y .  The vertical  components of t h e  c i r cumfe ren t i a l  
v e l o c i t i e s  i n  t h e  v o r t i c e s  are used as t h e  upwash o r  downwash on t h e  fol lower  
wing by adding t h e  con t r i bu t i ons  of the one o r  more p a i r s  of v o r t i c e s  i n  
t h e  wake. The to rque  on t h e  following wing is then  reduced t o  c o e f f i c i e n t  
form by 
The axial o r  streamwise ve loc i t y  i s  assumed equal  
I n  t h e  s tudy  a t  Ames repor ted  i n  r e f e r ence  53, t h e  torque o r  r o l l i n g  
moment on t h e  encountering wing w a s  c a l cu l a t ed  by 
1. Two-dimensional s t r i p  theory 
2. S t r i p  theory wi th  empi r ica l  l i f t - c u r v e  s l ope  co r r ec t i on  
3. Vor tex- la t t i ce  theory;  flat-wake approximation 
The two-dimensional s t r i p  theory f o r  t h e  r o l l i n g  moment assumes t h a t  t h e  
l i f t  on each spanwise wing element is  given by i t s  two-dimensional va lue  o r  
1 
R(y) = cL s i n  a - 2 pu:c(y) 
a 
(7 )  
where C is  t h e  two-dimensional l i f t - c u r v e  s l ope  of t h e  a i r f o i l  s e c t i o n  a t  
t h a t  spanwise s t a t i o n ,  s i n  a 2 w/U, i s . t h e  flow i n c l i n a t i o n ,  and c (y)  is 
t h e  l o c a l  chord of t h e  wing. When t h e  quan t i t y  yR(y) i s  in t eg ra t ed  ac ross  
t h e  span of t h e  rec tangula r  wings used i n  re fe rence  5 3 ,  t h e  rolling-moment 
c o e f f i c i e n t  becomes (e.g. ,  r e f s .  20 and 5 3 )  
La 
The values  presented i n  t a b l e  I were found by i n t e g r a t i n g  equation (8) numeri- 
c a l l y  a f t e r  s e t t i n g  w/U, equal  t o  t h e  sum of t h e  measured ve/U, contribu-  
t i o n s  of t h e  l e f t -  and right-hand v o r t i c e s .  A d i f f e r e n t  form of equat ion (7 )  
can be obtained when only  one vorqex i s  a c t i n g  on t h e  following wing by s e t t i n g  
w/U, = ve/Uw = r(r)/2nrU, and with  y = r: 
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J 
Although equation (9) i s  sometimes more convenient ,  equat ion (8) i s  used h 
because it is bel ieved t o  b e  more a c c u r a t e  f o r  t h e  wakes being considered. 
For two-dimensional wings, t h e  l i f t - c u r v e  s lope ,  CL , is u s u a l l y  taken 
as 2n. A s  noted i n  t a b l e  I (reproduced from r e f .  5 3 ) ,  t h e  p r e d i c t i o n s  made 
a 
w i t h  CL = ZIT are then genera l ly  too high because it does n o t  account f o r  
t h e  induced ang les  of a t t a c k  near  t h e  wing t i p s  and near  t h e  vor tex  c e n t e r l i n e .  
An empir ica l  r e l a t i o n s h i p  f o r  t h e  l i f t - c u r v e  s l o p e  t o  b e  used i n  t h e  ca lcula-  
t i o n  of torque may be  obtained by use  of t h e  formula introduced by R. T .  Jones 
(p. 95 of r e f .  8 9 ) :  
a 
2nPR c =  
La P * P R + 2  
where PR is  t h e  aspec t  r a t i o  and P is  semiperimeter/span, Maskew* com- 
pared t h e  r o l l i n g  moment c a l c u l a t e d  by v o r t e x- l a t t i c e  theory  and by t h e  s t r i p  
theory  wi th  several v e r s i o n s  of equat ion (10). H e  concluded t h a t  t h e  span, 
a spec t  r a t i o ,  and perimeter  i n  equat ion (10) should b e  i n t e r p r e t e d  on t h e  
b a s i s  of ha l f  a wing when t h e  v o r t e x  and wing c e n t e r  are a l igned.  
t h a t  each h a l f  wing then a c t s  as a s e p a r a t e  wing, and equat ion (10) should be 
i n t e r p r e t e d  accordingly .  For t h e  rec tangu la r  wings s tud ied  he re ,  equat ion (10) 
then becomes 
H e  reasoned 
The s t r ip- theory  p r e d i c t i o n s  cor rec ted  f o r  C by equat ion (11) are noted i n  
t a b l e  I t o  b e  i n  good agreement w i t h  t h e  v o r t e x- l a t t i c e  theory  and i n  f a i r  
agreement wi th  experiment. The v o r t e x- l a t t i c e  theory  used i s  a v e r s i o n  of 
La 
*B. Maskew, Hawker Siddeley Avia t ion,  Ltd. (NRC Associa te  a t  Ames Research 
Center) ,  p r i v a t e  communication. 
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Hough's ( r e f .  1 7 )  and of Maskew's ( r e f .  13)  methods adapted t o  t h e  p resen t  
s i t u a t i o n s .  The d i f f e r e n c e s  t h a t  occur between t h e  v o r t e x- l a t t i c e  theory and 
experiment may b e  due t o  any of t h e  following: d i f f e r e n c e s  i n  t h e  i n t e r p r e t a-  
t i o n  of t h e  measured r o l l i n g  moments; d i f f e r e n c e s  i n  t h e  vor tex  v e l o c i t y  d a t a  
(e.g.,  l a r g e  a x i a l  v e l o c i t i e s ) ,  a combination of both ,  o r  unsteady a s p e c t s  
of t h e  wind-tunnel measurements due t o  meander of t h e  vor tex  which w e r e  
assumed n e g l i g i b l e .  Nevertheless,  t h e  foregoing r e s u l t s  i n d i c a t e  t h a t  e i t h e r  
t h e  v o r t e x- l a t t i c e  theory  o r  t h e  simple s t r i p  theory  wi th  CL 
by t h e  Jones-Maskew formula provides reasonable estimates f o r  t h e  r o l l i n g  
moment induced by a vor tex  on a fo l lower  wing. 
determined 
a 
With t h e  empi r i ca l ly  ad jus ted  s t r i p  theory,  t h e  r o l l i n g  moment and l i f t  
on a wing can be  simply c a l c u l a t e d  a t  a l a r g e  number of p o i n t s  i n  t h e  wake. 
Contours of equal  rolling-moment c o e f f i c i e n t  and l i f t  i n t e r p o l a t e d  from t h e s e  
po in t s  are  presented i n  f i g u r e  11 f o r  one vor tex  and one span r a t i o .  Only 
one quadrant i s  presented because t h e  flow f i e l d  i s  symmetrical v e r t i c a l l y  
and antisymmetrical  about t h e  centerplane .  
p r e c i s e  as i f  determined by v o r t e x- l a t t i c e  theory,  they do i n d i c a t e  t h e  n a t u r e  
of t h e  area over which high va lues  of r o l l i n g  moment occur. A s  expected, t h e  
maximum r o l l i n g  moment occurs when t h e  encountering wing is  centered approxi- 
mately on t h e  vor tex .  
create a rolling-moment c o e f f i c i e n t  of 0.04 t o  0.06 so t h a t  any imposed torque 
t o  exceed about 0.06 w i l l  cause t h e  encountering by a v o r t e x  t h a t  causes 
a i r c r a f t  t o  r o l l  even when f u l l  c o u n t e r r o l l  c o n t r o l  is  imposed. The shaded 
area i n  f i g u r e  l l ( a )  w i t h i n  t h e  contour l abe led  0.06 can then be i n t e r p r e t e d ,  
f o r  example, as a hazardous region where overpowering r o l l i n g  moments are t o  
be found. S imi la r ly ,  t h e  r e s u l t s  i n  f i g u r e  l l ( b )  i n d i c a t e  t h a t  l a r g e  values  
of p o s i t i v e  and nega t ive  l i f t  are induced on t h e  fol lower by t h e  vor tex  wake, 
depending on i t s  l o c a t i o n  relative t o  t h e  vor tex  p a i r .  A s  expected,  t h e  
shapes of t h e  curves of constant  torque and l i f t  change wi th  both t h e  vor tex  
s t r u c t u r e  and wi th  t h e  span of t h e  fol lower.  The dependence of t h e  r o l l i n g  
moment on d i s t a n c e  behind t h e  genera t ing a i r c r a f t  are not  d iscussed because 
downstream changes i n  t h e  s t r u c t u r e  of a two-vortex developed wake depend 
l a r g e l y  on v i s c o s i t y  and turbulence.  
Although t h e  contours are not  as 
A i r c r a f t  t y p i c a l l y  have t h e  c o n t r o l  c a p a b i l i t y  t o  
czf 
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ALLEVIATION SCHEMES BASED ON INVISCID THEORY 
P a s t  research has  shown t h a t  t h e  wakes of conventional  l i f t i n g  systems 
on a i r c r a f t  p e r s i s t  as a s i n g l e  v o r t e x  p a i r  f o r  unacceptable d i s t a n c e s  behind 
t h e  genera t ing wing. The slow rate a t  which v o r t i c i t y  i s  d i spersed  from such 
a s i n g l e  p a i r  suggests  t h a t  changes must b e  made i n  t h e  f low f i e l d  of t h e  
genera t ing wing so t h a t  t h e  wake i s  t o l e r a b l e  when i t  i s  f u l l y  developed. 
Therefore,  t h e  t o p i c s  t o  b e  t r e a t e d  h e r e  are: 
s Centroid of v o r t i c i t y  cons ide ra t ion  
e Span loading f o r  l a r g e  v o r t e x  cores  
s Sawtooth loadings  f o r  v o r t e x  d i s p e r s i o n  
s Self- induced vor tex  excurs ions  
e Convective merging of v o r t e x  cores  
The a l l e v i a t i o n  schemes discussed i n  t h e s e  subsect ions  are based on modifica- 
t i o n  of t h e  flow over t h e  genera tor  t o  produce c e r t a i n  flow mechanisms i n  t h e  
near  wake which d i s p e r s e  the  l i f t- g e n e r a t e d  c i r c u l a t i o n .  The f i r s t  subsec- 
t i o n  desc r ibes  one approach f o r  s e l e c t i n g  d e s i r a b l e  c h a r a c t e r i s t i c s  i n  the 
span loading f o r  a l l e v i a t i o n .  Severa l  conceptual  vor tex  wakes t h a t  have 
been u s e f u l  i n  guiding our wake-vortex minimization program are then presented 
along wi th  some of t h e i r  c h a r a c t e r i s t i c s .  Although t h e  gu ide l ines  presented 
are s t i l l  being developed, they serve t o  i n d i c a t e  a d i r e c t i o n  f o r  r esea rch  
and t o  i d e n t i f y  d e s i r a b l e  f e a t u r e s  i n  t h e  f low f i e l d  t h a t  could provide 
a l l e v i a t i o n .  
Centroid of V o r t i c i t y  Considerat ion 
Since  t h e  span loading on t h e  genera t ing wing goes t o  zero a t  bo th  wing 
t i p s ,  t h e  wake con ta ins  equal  amounts of p o s i t i v e  and nega t ive  v o r t i c i t y .  
I f  t h e  loading f a l l s  o f f  monotonically from a maximum a t  t h e  c e n t e r l i n e  t o  
zero  a t  t h e  wing t i p s ,  t h e  wake r o l l s  up i n t o  one vor tex  pe r  s i d e  o r  a s i n g l e  
p a i r .  Although t h e  n e t  c i r c u l a t i o n  i n  t h e  wake i s  zero,  considerable  . 
d i s t a n c e  o r  t i m e  behind t h e  genera t ing wing is  required  ( t o  mix on a two- 
dimensional b a s i s )  be fore  t h e  two concentra t ions  of opposi te  v o r t i c i t y  
combine o r  d i f f u s e  enough t o  have, i n  e f f e c t ,  a vanishing c i r c u l a t i o n  
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throughout t h e  wake. One way t o  shor ten  t h e  d i s t a n c e  f o r  complete mixing of 
c i r c u l a t i o n  i s  t o  decrease  the e f f e c t i v e  span by making t h e  n e t  shed c i r c u l a-  
t i o n  zero  over a smaller p a r t  of the span. One obvious po in t  f o r  such a 
subdivis ion i s  a t  t h e  wing c e n t e r l i n e .  The e f f e c t i v e n e s s  of  such a considera-  
t i o n  i s  demonstrated by f i r s t  consider ing t h e  conservat ion of t h e  f i r s t  moment 
of c i r c u l a t i o n  and t h e  r e l a t i o n s h i p  between span loading and shed v o r t i c i t y .  
By i n v i s c i d  theory ,  t h e  spanwise l o c a t i o n  of t h e  c e n t r o i d  of v o r t i c i t y  
shed by t h e  l i f t i n g  s u r f a c e  remains f i x e d  f o r  each s i d e  of t h e  wing. Hence, 
f a r  behind t h e  wing, t h e  cen t ro id  o f  shed v o r t i c i t y  i s  loca ted  a t  t h e  s a m e  
spanwise s t a t i o n  as a t  t h e  wing, which i s  given by 
7 
i s  t h e  c e n t e r l i n e  
Q 
where r ( y )  i s  t h e  bound c i r c u l a t i o n  on t h e  wing and I’ 
c i r c u l a t i o n  o r  t h e  f i n a l  t o t a l  c i r c u l a t i o n  i n  each vor tex  of t h e  p a i r  f a r  
downstream ( i .e . ,  T)x=m ) .  Since t h e  spanwise loading i s  r e l a t e d  t o  t h e  
bound c i r c u l a t i o n  by 
t h e  spacing between t h e  v o r t i c e s  i n  t h e  f i n a l  p a i r  f a r  downstream i s  then 
independent of t h e  shape of t h e  span loading used t o  o b t a i n  t h e  l i f t .  Since 
t h e  s t r e n g t h  of t h e  f i n a l  v o r t i c e s  f o r  a given l i f t  i s  p ropor t iona l  t o  (bL)-’, 
t h e  s e p a r a t i o n  between t h e  v o r t i c e s ,  t h e  corresponding c i r c u l a t i o n  is 
On t h e  b a s i s  of t h e s e  simple cons ide ra t ions ,  f i n a l  weak o r  low- intensi ty 
v o r t i c e s  are t h e r e f o r e  obtained by reducing t h e  l i f t  a t  t h e  wing r o o t  o r  air-  
c r a f t  c e n t e r l i n e  as much as p o s s i b l e  whi le  CL i s  he ld  f ixed.  Such a 
g 
27 
p o s s i b i l i t y  has been demonstrated i n  t h e  da t a  obtained by Ciffone ( r e f .  90) 
behind a model of a Boeing 747 i n  a water tow tank wi th  dye flow v i s u a l i z a t i o n .  
Measured d i s t ances  between v o r t i c e s  f a r  downstream y ie lded  va lues  f o r  f ou r  
f l a p  conf igura t ions  as b ' / b  = 1.03, 1.25, 1.50, and 1 .72 .  On t h e  b a s i s  of 
these  measurements, t h e  c i r c u l a t i o n  i n  t h e  f i n a l  vor tex  is  reduced t o  1.03/1.72 
(o r  60%) by t h e  one f l a p  conf igura t ion  t h a t  has  30 percent  of i t s  inboard end 
cu t  o f f  as compared wi th  t h e  conventional  landing conf igura t ion  - a s u b s t a n t i a l  
g g  
reduct ion.  Both conf igura t ions  shed t h e  s a m e  number of v o r t i c e s ,  bu t  t h e  
lat ter  has a b e t t e r  balance between p o s i t i v e  and nega t ive  c i r c u l a t i o n  f o r  
wake a l l e v i a t i o n .  Confirmation of t h e  reduced c i r c u l a t i o n  i n  t he se  cases by 
measuring t h e  v e l o c i t y  o r  r o l l i n g  moment i n  t h e  wake has  not  been made. 
Theore t ica l  span loadings  ( f i g .  12) f o r  t h e  wing a lone without a fu se l age  as 
centerbody i n d i c a t e  t h a t  t h e  f a r- f i e l d  s epa ra t i on  between t h e  v o r t i c e s  would 
be  b ' / b  ) = 1 . 2 2 ,  1 .26 ,  1 . 2 8 ,  and 1.31. Although t h e  o rder  of magni- 
tude  of t he se  p red ic ted  r e s u l t s  i s  about r i g h t ,  t h e  disagreement between 
g g theory 
1 .31  and 1 . 7 2  i s  not  s m a l l .  The d i f f e r ences  i n  t h e  conf igura t ions  used i n  
t h e  theory and experiment probably account f o r  some of t h e  d i f f e r ences  i n  
t h e  p red ic ted  and measured va lues  of b ' / b  . A l s o ,  some merging of v o r t i c e s  
may s t i l l  be i n  progress  a t  t h e  f a r t h e s t  downstream s t a t i o n  observed. 
g g  
\ 
Other t h e o r e t i c a l  s epa ra t i on  d i s t ances  can be found by subdividing t h e  
How- span loading d i f f e r e n t l y  t o  approximate d i f f e r e n t  vor tex  i n t e r a c t i o n s .  
ever ,  more t h e o r e t i c a l  and experimental  informat ion is  needed t o  guide t h e  
theory and t h e  i n t e r p r e t a t i o n  of t h e  vo r t ex  separa t ion  d i s t ances .  
s e c t i o n s  t h a t  fo l low the re fo re  p resen t  some mechanisms by which v o r t i c e s  merge 
o r  combine and some gu ide l ines  f o r  promoting, enhancing, o r  prevent ing t h e  
merger. 
drag pena l ty  of t h e  a l l e v i a t i o n  schemes, bu t  t h e  f i r s t  o b j e c t i v e  is t o  de te r-  
mine what can be  done. When promising conf igura t ions  are i d e n t i f i e d ,  it w i l l  
then be  necessary t o  opt imize  t h e  a l l e v i a t i o n  concept by including more 
complete cons idera t ions  of t h e  e n t i r e  a i r c r a f t .  
The sub- 
This  d i scuss ion  i s  no t  concerned wi th  t h e  l i f t i n g  e f f i c i e n c y  o r  any 
Span Loadings f o r  Large Vortex Cores 
A v a r i e t y  of wing shapes have been considered experimentally and 
t h e o r e t i c a l l y  as a means t o  reduce t h e  high c i r cumfe ren t i a l  v e l o c i t y  i n  
l i f t- genera ted  v o r t i c e s .  These conf igura t ions  w e r e  s tud ied  because i t  w a s  
thought t h a t  enlarging t h e  vor tex  c o r e  would reduce t h e  s w i r l  v e l o c i t y  and 
t h e  r o l l i n g  moment assoc ia ted  wi th  a given l i f t .  The d i r e c t  r e l a t i o n s h i p  
between span loading and v o r t e x  s t r u c t u r e  provided by t h e  Betz r o l l u p  theory  
suggested t h a t  wing planform, t w i s t ,  o r  camber b e  shaped t o  produce a 
loading t h a t  sheds v o r t i c e s  wi th  l a r g e  cores  (e.g., r e f s .  20, 51, 52, 55, and 
56). Many of t h e s e  span loadings  had t h e  c h a r a c t e r i s t i c s  t h a t  they tapered 
g radua l ly  t o  zero a t  t h e  wing t i p s  from a n  increased c e n t e r l i n e  loading.  The 
p r o p e r t i e s  of t h e s e  loadings  i s  i l l u s t r a t e d  by consider ing a so- called 
t a i l o r e d  loading ( r e f .  20) t h a t  produces a vor tex  s h e e t  which r o t a t e s  as 
a u n i t  r a t h e r  than r o l l i n g  up from i t s  edges ( f i g .  13).  I n  t h i s  p a r t i c u l a r  
case, t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  wake w a s  s p e c i f i e d  and t h e  correspond- 
ing  s t r e n g t h s  of t h e  vor tex  shee t  and of t h e  span loading w e r e  then found. 
When t h e  vor tex  s t r u c t u r e  w a s  compared wi th  t h a t  f o r  e l l i p t i c  loading,  i t  
w a s  found t h a t  t h e  higher c e n t e r l i n e  l i f t  required  t o  mainta in  a given l i f t  
on t h e  genera tor  l e a d s  t o  h igher  r o l l i n g  moments when t h e  span of . the fol lower 
wing i s  more than about 0.2 of t h e  span of t h e  genera t ing wing. Th i s  r e s u l t  
i s  apparent  i n  f i g u r e  1 4  when t h e  c i r c u l a t i o n  i n  t h e  two v o r t i c e s  is compared 
f o r  va r ious  span fol lowers  using equat ion (9) f o r  t h e  r o l l i n g  moment. 
These r e s u l t s  and t h e  gu ide l ines  developed i n  t h e  previous subsect ion 
suggest  t h a t  a span loading designed only  on t h e  b a s i s  of l a r g e  v o r t e x  cores  
i s  not  t h e  proper d i r e c t i o n  f o r  wake a l l e v i a t i o n  because t h e s e  wings r e q u i r e  
higher c e n t e r l i n e  loadings .  The corresponding decrease  i n  b ' / b  assoc ia ted  
wi th  t h e s e  loadings  a l s o  suggests  t h a t  a d i r e c t  span loading - v o r t e x  c o r e  
design is no t  a good d i r e c t i o n  t o  proceed and t h a t  another approach should b e  
t r i e d .  
g g  
Sawtooth Span Loadings f o r  Vortex Dispersion 
A second vortex-wake conf igura t ion  s tud ied  t h e o r e t i c a l l y  i n  re fe rence  20 
w a s  designed t o  t r a n s l a t e  downward as a u n i t  ( ind ica ted  schemat ica l ly  i n  
f i g .  15) .  This  wake consis ted  no t  of a continuous v o r t e x  s h e e t  b u t  of a 
number of d i s c r e t e  v o r t i c e s .  
d i s c r e t e  v o r t i c e s  p red ic ted  t h a t  t h e  v o r t e x  s t r e n g t h s  required  f o r  such motion 
The two-dimensional time-dependent theory  f o r  
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a l t e r n a t e  i n  s i g n  a c r o s s  t h e  span so t h a t  t h e  span loading has  a stepped o r  
sawtooth shape as i l l u s t r a t e d  i n  f i g u r e  15. When t h e  time-dependent method 
discussed previously  is used t o  p r e d i c t  t h e  shape of t h e  wake, i t  i s  found t o  
remain f l a t  because a l l  t h e  i n d i v i d u a l  v o r t i c e s  move downward a t  t h e  same 
v e l o c i t y .  I f ,  however, a d i s tu rbance  i s  given t o  one of t h e  v o r t i c e s ,  t h e  
s p e c i f i e d  uniform motion breaks  down and t h e  v o r t i c e s  form p a i r s  t h a t  make 
l a r g e  excurs ions  ac ross  t h e  wake (as shown i n  f i g .  16(a ) ) .  
t h e  shape of the sawtooth loading f l u c t u a t e s  about e l l i p t i c  loading,  t h e  
v o r t i c e s  i n  t h e  wake do no t  revolve  about t h e  edge o r  t i p  v o r t i c e s  i n  t h e  way 
t h a t  they do f o r  e l l i p t i c  loading ( f i g .  16(b)) .  I f  a s imilar  d i s tu rbance  i s  
given t o  t h e  v o r t i c e s  shed by e l l i p t i c  loading,  t h e  genera l  shape of t h e  wake 
i s  no t  a l t e r e d ,  al though t h e  p o s i t i o n s  of some of t h e  v o r t i c e s  change s l i g h t l y .  
Hence, al though 
The numerical r e s u l t  shown i n  f i g u r e  16(a )  suggests  t h a t  wakes w i t h  
m u l t i p l e  vor tex  p a i r s  can be designed so t h a t  they 2re u n s t a b l e  t o  d i s t u r b-  
ances,  and convection of v o r t i c i t y  ac ross  t h e  wake can be  considerably 
enhanced by t h e  r e s u l t i n g  excursions of t h e  v o r t e x  p a i r s .  
r e s u l t s  do not  i n d i c a t e  whether t h e  varYous p a i r s  of v o r t i c e s  merge o r  l i n k  
wi th  one another  t o  form a dispersed wake wi th  low v e l o c i t i e s ,  o r  i f  t h e  vor- 
tices remain d i s c r e t e  wi th  h igh c o r e  v e l o c i t i e s .  I n s i g h t  i n t o  t h e  character-  
i s t i c s  of wakes shed by sawtooth loadings  w a s  obtained by f low- field observa- 
t i o n s  made on two experimental  wings configured t o  approximate sawtooth 
loading.  
s i d e  ( r e f s .  53 and 55). When t h e s e  segments w e r e  de f lec ted  a l t e r n a t e l y  up 
and down ac ross  t h e  span, t h e  loading i s  pred ic ted  by v o r t e x- l a t t i c e  theory 
t o  b e  as shown i n  f i g u r e  1 7 .  Tests by Cif fone and Orloff  ( r e f .  55) i n  a w a t e r  
tow tank showed t h a t  t h e  v o r t i c e s  shed by t h i s  wing d id  undergo l a r g e  
excurs ions  i n  t h e  wake and t h a t  va r ious  p a i r s  l inked  i n  t h e  way descr ibed by 
Scorer  ( r e f .  45 and 46), Crow ( r e f .  3 7 ) ,  and MacCready ( r e f .  2 ,  p. 289).  But 
when t h e  va r ious  excurs ions  and l i n k i n g  w e r e  completed, a vor tex  p a i r  s t i l l  
remained i n  t h e  wake. These pre l iminary  r e s u l t s  i n d i c a t e  t h a t  genera t ion of 
m u l t i p l e  vor tex  p a i r s  w i l l  b r i n g  about l a r g e  v o r t e x  excursions t h a t  l e a d  t o  
l i n k i n g ,  bu t  a d d i t i o n a l  cr i ter ia  are needed t o  achieve adequate d i f f u s i o n  of 
t h e  wake v o r t i c i t y .  
These t h e o r e t i c a l  
The f i r s t  wing w a s  swept and equipped wi th  seven f l a p  segments per  
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A second wing on which v o r t e x  wake a l l e v i a t i o n  w a s  attempted by span- 
load modi f i ca t ion  w a s  t h a t  of t h e  Boeing 747 subsonic t r a n s p o r t  (refs. 80 and 
8 3 ) .  The wing has  inboard and outboard f l a p s  ( f i g .  18) t h a t  can b e  d e f l e c t e d  
s e p a r a t e l y  so t h a t  t h e  loading can b e  enhanced inboard o r  outboard w i t h i n  
t h e  l i m i t s  i nd ica ted  i n  f i g u r e  19. 
f u l l  amount (30° s e t t i n g ) ,  the span loading has  a l a r g e  hump inboard resembling 
a combination of t a i l o r e d  and sawtooth span loading.  
produces t h r e e  vor tex  p a i r s  i n  t h e  near- f ie ld  r o l l u p  region,  t h e  two f l a p  
v o r t i c e s  combine, so t h a t  only  two v o r t i c e s  pe r  s i d e  p e r s i s t  i n t o  t h e  f a r -  
f i e l d  region.  Far downstream, t h e s e  two v o r t i c e s  of t h e  same s i g n  merge 
i n t o  a s i n g l e  d i f f u s e  v o r t e x  i l l u s t r a t e d  i n  f i g u r e  20. T e s t s  i n  a w a t e r  tow 
tank and i n  a wind tunne l  i n d i c a t e  t h a t  t h e  r o l l i n g  moment imposed on a 
fol lowing a i r c r a f t  by t h e  wake of t h i s  conf igura t ion  would b e  less than h a l f  
t h a t  posed by t h e  wake of t h e  landing conf igura t ion  a t  t h e  same l i f t  coef- 
f i c i e n t .  Furthermore, t h i s  reduced va lue  w a s  below t h e  r o l l- c o n t r o l  c a p a b i l i t y  
of a LearJet a i r c r a f t  which could be  used t o  probe t h e  vake. F l i g h t  tests 
conducted wi th  t h e  Boeing 7 4 7 ,  t h e  LearJet, and a T-37 a i r c r a f t  ( r e f .  80)  
confirmed t h e  p r e d i c t i o n s  of t h e  ground-based f a c i l i t i e s  when t h e  landing gear  
w a s  r e t r a c t e d .  It w a s  found, however, t h a t  i f  any of t h e  landing gears  w e r e  
extended o r  i f  t h e  a i r c r a f t  w e r e  yawed, the hazard a l l e v i a t i o n  achieved w i t h  
t h e  unconventional f l a p  s e t t i n g s  w a s  g r e a t l y  reduced. 
I f  t h e  inboard f l a p s  are d e f l e c t e d  t h e i r  
Although t h a t  loading 
These test r e s u l t s  i n d i c a t e  t h a t  it i s  p o s s i b l e  t o  induce l a r g e  vor tex  
excurs ions  and reduced s w i r l i n g  v e l o c i t i e s  i n  t h e  wake if s u b s t a n t i a l  o s c i l -  
l a t i o n s  o c c u r -i n  t h e  span loading.  A t h e o r e t i c a l  estimate of t h e  magnitude 
required  w a s  obtained i n  re fe rence  20 by t r y i n g  va r ious  types  of span-load 
f l u c t u a t i o n s  and c a l c u l a t i n g  whether d i s p e r s i o n  occurred.  It w a s  found t h a t  
t h e  wake had a chao t i c  charac te r  i f  t h e  loading v a r i a t i o n s  i n  t h e  loading w e r e  
30 percent  o r  more of t h e  maximum and i f  t h e i r  spanwise s i z e s  w e r e  about t h e  
s a m e .  The two-dimensional, time-dependent theory p red ic ted  t h a t  t h e  m u l t i p l e  
v o r t i c e s  shed i n t o  t h e  wake would then undergo l a r g e  excursions.  Guidelines 
f o r  whether t h e  several v o r t e x  p a i r s  w i l l  combine i n t o  a s i n g l e  p a i r  i n  t h e  
fa r  f i e l d  by e i t h e r  a cu to f f  and l i n k i n g  process,  o r  by a convective merging 
process ,  o r  n e i t h e r  are discussed i n  t h e  next  two subsect ions .  
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Before leaving t h i s  d i scuss ion ,  note  t h a t  t h e  vor tex  wakes of sawtooth 
loading w i l l  g ene ra l ly  d i s s i p a t e  more r a p i d l y  than those  of e l l i p t i c - l i k e  
loadings f o r  two reasons.  
spaced. 
d i s t ance  between them (or  on t h e i r  e f f e c t i v e  span) ,  t he  a c t u a l  d i s t a n c e  t o  
a given d i s s i p a t i o n  ( a s  given i n  f i g s .  8 and 9) would be decreased by t h e  span 
r a t i o .  Secondly, t h e  t h e o r e t i c a l  a n a l y s i s  of B i l an in  and Widnall ( r e f .  91) 
i n d i c a t e s  t h a t  t h e  s inuso ida l  i n s t a b i l i t y  i s  i n t e n s i f i e d  by decreased spacing 
of v o r t i c e s  as t h e  second power of span. 
wakes produced by wings wi th  mu l t i p l e  spanwise f l a p  segments are o f t e n  
observed t o  d i s s i p a t e  more r a p i d l y  and t o  be less hazardous than wakes 
produced by wings wi th  only one f l a p  o r  none. 
F i r s t ,  each vor tex  p a i r  i n  t h e  wake i s  more c l o s e l y  
Therefore,  s i n c e  the  decay d i s t ance  f o r  a vor tex  p a i r  depends on t h e  
It i s  no t  s u r p r i s i n g  then  t h a t  t h e  
Self- Induced Vortex Excursions 
The vor tex  p a i r  behind a i r c r a f t  f l y i n g  a t  high a l t i t u d e s  i s  o f t e n  
observed (e.g. ,  r e f s .  2,  3 7 ,  4 5 ,  4 6 ,  4 7 ,  and 48)  t o  undergo pe r iod ic ,  a n t i -  
symmetrical d i s t o r t i o n s  t h a t  i nc rease  i n  amplitude u n t i l  t he  v o r t i c e s  e i t h e r  
appear  t o  b u r s t  a t  t h e  sharp bends o r  t o  l i n k  t o  form a series of loops.  The 
l i nk ing  process  i n  such a vortex- vortex i n t e r a c t i o n  occurs r a p i d l y  when t h e  two 
equal  and oppos i te  v o r t i c e s  i n  t h e  p a i r  approach each o the r  c l o s e l y  enough 
t h a t  t h e  f i l aments  appear t o  break i n  t h e  f l i g h t  d i r e c t i o n  and reconnect o r  
l i n k  ac ros s  t h e  wake t o  form i r r e g u l a r l y  shaped loops t h a t  then d i s p e r s e  and 
decay. A comparison of t h e  hazard posed by t h e  vor tex  loops with  t h a t  posed 
by t h e  o r i g i n a l  paral le l  v o r t i c e s  needs t o  be made t o  determine whether a 
chance encounter w i th  an a x i a l  segment of a loop i s  j u s t  as hazardous and 
whether f l i g h t  ac ros s  a segment of t h e  vo r t ex  loop would cause unacceptable 
a c c e l e r a t i o n s  o r  a i r  loads.  Whether t h e  loop s t a g e  of t h e  wake i s  more o r  
less hazardous than t h e  o r i g i n a l  pa ra l l e l- vor t ex  s t a g e  i s  unce r t a in ,  bu t  i t  
seems apparent t h a t  t h e  formation of loops enhances t h e  decay and d i spe r s ion  
of t h e  c i r c u l a t i o n  i n  t h e  wake. 
A s t a b i l i t y  a n a l y s i s  by Crow ( r e f .  3 7 )  showed t h a t ,  once s t a r t e d ,  t h e  
wave growth r e s u l t s  from t h e  self- induced v e l o c i t y  f i e l d  of t h e  vo r t ex  p a i r  
wi th  a p re fe r r ed  wavelength about 8 .6  t i m e s  t h e  d i s t ance  between t h e  
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v o r t i c e s .  Other analyses  (e.g. ,  r e f .  2) extended t h e  a n a l y s i s  t o  inc lude  t h e  
e f f e c t  of c o r e  s i z e  and a x i a l  v e l o c i t i e s .  A numerical c a l c u l a t i o n  us ing 
three- dimensional v o r t e x  f i l aments  f o r  t h e  vor tex  p a i r  has  a l s o  been made by 
Hackett and Theisen ( r e f .  2 o r  38) of t h e  t i m e  h i s t o r y  of t h e  development of a 
pe r iod ic  loop. 
These resea rch  r e s u l t s  demonstrate t h a t  antisymmetric, pe r iod ic ,  o r  
s i n u s o i d a l  d i s tu rbances  on a vor tex  p a i r  w i l l  l e a d  t o  l a r g e  self- induced 
excursions.  
streamwise f i lament  and l i n k  ac ross  t o  t h e  o t h e r  v o r t e x  i n  t h e  p a i r  has  not  
been analyzed nor has  t h e  decay of t h e  loops  been t r e a t e d  adequately.  Added 
d a t a  are a l s o  needed on t h e  e f f e c t  of v a r i a b l e s  such as core  s i z e ,  a x i a l  
v e l o c i t y  i n  t h e  core ,  vor tex  s t r e n g t h ,  etc. ,  when l i n k i n g  o r  b u r s t i n g  of t h e  
vor tex  f i l aments  occurs.  
The mechanism by which t h e  two v o r t i c e s  break from t h e i r  o r i g i n a l  
The self- induced o r  s i n u s o i d a l  i n s t a b i l i t y  f o r  a s i n g l e  vor tex  p a i r  has  
not  proven t o  b e  a v i a b l e  s o l u t i o n  t o  t h e  wake-vortex a l l e v i a t i o n  problem f o r  
several reasons .  
from t h e  atmosphere o r  from some per iod ic  l i f t  modif ica t ion on t h e  genera t ing 
a i r c r a f t .  
wing w a s  shown by Bi lan in  and Widnall ( r e f .  91) t o  b e  an  e f f e c t i v e  way t o  
i n i t i a t e  growing waves t h a t  l e d  t o  b u r s t i n g  when t h e  curves i n  t h e  vor tex  
f i l aments  reached a s m a l l  r a d i u s  of curvature .  Implementation of such a 
scheme on a f u l l- s i z e d  a i r c r a f t  would be  d i f f i c u l t ,  however. A second and 
more s e r i o u s  drawback is t h a t  t h e  waves grow slowly and o f t e n  become h igh ly  
sinuous wi thout  burs t ing ,  l i n k i n g ,  o r  appearing t o  decay. L a s t l y ,  t h e  l a r g e  
vor tex  cores  produced by a i r c r a f t  i n  t h e  landing and takeoff  conf igura t ions  
do not  seem t o  be  conducive t o  wave growth. 
F i r s t ,  t h e  beginning of wave growth r e q u i r e s  a d i s tu rbance  
In t roduc t ion  of a p e r i o d i c  span-load v a r i a t i o n  on t h e  genera t ing 
A new approach t o  s t i m u l a t i o n  o r  i n i t i a t i o n  of self- induced o r  vortex-  
vor tex  i n s t a b i l i t i e s  t h a t  l e d  t o  l a r g e  vor tex  excurs ions  w a s  suggested by 
t h e  numerical a n a l y s i s  of wakes produced by t h e  so- called sawtooth loadings  
s tud ied  i n  r e f e r e n c e  20. 
about equa l ly  spaced ac ross  the span of t h e  genera t ing wing and of about t h e  
same magnitude b u t  a l t e r n a t i n g  i n  s i g n  would undergo l a r g e  excurs ions  without  
being s t imula ted .  These self- induced excursions are n o t  pe r iod ic ,  b u t  are 
It w a s  found t h a t  a wake wi th  m u l t i p l e  v o r t e x  p a i r s  
3 3. 
o f t e n  of t h e  o rder  of t h e  span of the wing when t h e  wake c o n s i s t s  of v o r t i c e s  
comparable i n  magnitude and a l t e r n a t i n g  i n  s ign .  
A s  previously  discussed,  an  experimental  demonstration of t h e  e f f ec t i ve-  
ness  of sawtooth loading f o r  producing l a r g e  vor tex  excursions w a s  f i r s t  made 
by Ciffone and Orloff  ( r e f .  55) i n  a w a t e r  tow tank.  The wing w a s  equipped 
wi th  seven f l a p  segments de f l ec t ed  a l t e r n a t e l y  upward and downward by 1 5 O  t o  
produce seven vo r t ex  p a i r s .  
( f i g .  1 7 )  i n d i c a t e s  t h a t  t h e  s t r e n g t h s  of t h e  v o r t i c e s  do alternate i n  s i gn  
and are about t h e  same wi th in  a f a c t o r  of 2. I n  t h e  experiment, l a r g e  vor tex  
motions and l i nk ing  occurred,  b u t  when t h e  a c t i v i t y  died down, a s i n g l e  
r e s idue  vo r t ex  p a i r  remained. 
are needed t o  a r range  and match t h e  vo r t ex  p a i r s  t o  more completely d i s p e r s e  
t h e  wake so t h a t  t h e  remaining v e l o c i t i e s  are t o l e r a b l e  and t o  poss ib ly  
optimize t h e  loading,  Although t h e  experiment w a s  not  completely success fu l ,  
it d id  demonstrate t h a t  self- induced and r ap id  growth of vor tex  motions can 
be  produced wi th  sawtooth- type loadings .  
experiment w a s  t h a t  i t  showed t h a t  l i nk ing  could occur between oppos i t e  bu t  
no t  neces sa r i l y  equal  v o r t i c e s .  
series of vo r t ex  loops connected by vo r t ex  f i l aments .  
by t h e  s t ronge r  vor tex  probably then causes t h e  two v o r t i c e s  t o  completely 
merge by a process  s i m i l a r  t o  t h a t  d iscussed i n  t h e  next  subsec t ion  ( i l l u s-  
t r a t e d  i n  f i g .  21) .  An example of such a l i nk ing  between an unequal vo r t ex  
p a i r  w a s  observed i n  some f l i g h t  experiments of Barber and w i l l  be  presented 
by Cor s ig l i a  and Dunham i n  a paper t o  follow la ter  i n  t h i s  conference. The 
i n t e r a c t i o n  of t h e  two oppos i te  bu t  unequal v o r t i c e s  from t h e  f l a p  has  a l s o  
been simulated numerically by Leonard ( p r i v a t e  communication) a t  ARC. These 
r e s u l t s  i n d i c a t e  t he r e fo re  t h a t  t h e  mu l t i p l e  vor tex  p a i r s  shed by sawtooth 
loading may provide a way t o  i n i t i a t e  t h e  l a r g e  vor tex  excurs ions  and l i nk ing  
needed f o r  a l l e v i a t i o n .  Various a spec t s  of t h e  d i spe r s ion  and decay mecha- 
nisms need t o  be b e t t e r  def ined and understood t o  make t h e  method e f f e c t i v e  
and t o  minimize p e n a l t i e s  a s soc i a t ed  w i th  t he se  loadings  and t h e i r  implementa- 
t ion .  
A t h e o r e t i c a l  estimate of t h e  
Fur ther  t h e o r e t i c a l  and experimental  s t u d i e s  
Another r e s u l t  found from t h e  
Such a p a r t i a l  l i nk ing  process  forms a 
Convection of v o r t i c i t y  
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Convective Merging of Vortex Cores 
The blending o r  merging of the s e v e r a l  v o r t i c e s  shed by f l a p  edges, 
pylons, ho r i zon t a l  t a i l ,  and t h e  wing t i p  i n t o  a s i n g l e  vor tex  i s  a common 
and well-known occurrence. 
( i . e . ,  v o r t i c a l  regions)  has  a l s o  been s tud i ed  t h e o r e t i c a l l y  from an i n v i s c i d  
po in t  of view (e.g., refs. 92-97) and wi th  a second-order turbulence theory 
( r e f .  7 ) .  
t h a t  extends previous i nves t i ga t i ons  by f i nd ing  some circumstances under 
which two-dimensional i n v i s c i d  vo r t ex  cores  w i l l  o r  w i l l  not  merge convec- 
t i v e l y  . 
The merging of two o r  more vor tex  cores  
Some r e s u l t s  are now presented of a cu r r en t  study by t h e  author  
Convective merging of t h e  cores  of two Rankine v o r t i c e s  i s  i l l u s t r a t e d  
The i n i t i a l  d i s t r i b u t i o n  of c i r c u l a t i o n  i s  made approximately i n  f i g u r e  21. 
uniform over t h e  c i r c u l a r  reg ions  of t h e  cores  by pu t t i ng  po in t  v o r t i c e s  of 
t h e  same s t r eng th  on t h r e e  circles a t  uniform i n t e r v a l s .  Since they each 
approximate Rankine cores ,  t h e  maximum vo r t ex  v e l o c i t y  occurs a t  t h e  ou t e r  
r i ng .  The i nne r  r i n g s  r o t a t e  more slowly so  t h a t  t h e  cores ,  when i s o l a t e d ,  
r o t a t e  as a s o l i d  body. However, as shown i n  f i g u r e  21 ,  when t h e  two cores  
of t he  same s i g n  and magnitude are placed i n  proximity bu t  no t  touching, 
t h e i r  mutual induc t ion  causes t h e i r  shape t o  become d i s t o r t e d  s o  t h a t  t h e  two 
v o r t i c a l  reg ions  reform i n t o  a s i n g l e ’ r e g i o n .  
A s l i g h t l y  g r e a t e r  s epa ra t i on  between t h e  cores  r e s u l t s  i n  t h e  v o r t i c e s  
becoming only s l i g h t l y  elongated bu t  not  merging ( f i g .  22). A series of 
such c a l c u l a t i o n s  w a s  then used t o  determine a boundary between merging and 
nonmerging cases ( f i g .  23); t h a t  is ,  a combination of spacing and r e l a t i v e  
vor tex  s t r e n g t h s  on t h e  merging s i d e  of t h e  curves do form a s i n g l e  v o r t i c a l  
region from t h e  o r i g i n a l  two c i r c u l a r  regions .  
assumed t o  have occurred whether one o r  both  of t h e  cores  w a s  reshaped i n  
t h e  process.  Note t h a t  merging occurs f o r  v o r t i c e s  of oppos i te  s i g n  only 
when t h e i r  r e l a t i v e  s t r e n g t h s  d i f f e r  by a f a c t o r  of about 5. 
I n  t he se  cases, merger w a s  
When a co re  s t r u c t u r e  o the r  than  Rankine i s  used, t h e  merging process  
becomes more restr ic t ive because t h e  cores  become e f f e c t i v e l y  smaller r e l a t i v e  
t o  t h e i r  spacing.  The boundaries f o r  t w o  o the r  r a d i a l  v a r i a t i o n s  of c i r cu l a-  
t i o n  are a l s o  presented i n  f i g u r e  23 as dashed curves  t o  show how t h e  merging 
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region shr inks  f o r  more concentrated vor tex  cores .  
t u r e s  shed by f l a p s  and wing t i p s  are usua l ly  more concentra ted than t h a t  f o r  
Rankine cores ,  and since merging r equ i r e s  a given maximum spacing,  merging 
of two given v o r t i c e s  w i l l  be  delayed u n t i l  turbulence and v i s c o s i t y  d i f f u s e  
t h e  c i r c u l a t i o n  t o  t h e  degree needed f o r  t h e  convective r e d i s t r i b u t i o n  t o  
occur. The time-dependent c a l c u l a t i o n s  a l s o  showed t h a t  i f  convect ive  merging 
is  going t o  occur,  i t  does s o  r ap id ly .  Otherwise, t he  co re  shapes o s c i l l a t e  
about t h e i r  o r i g i n a l  c i r c u l a r  shape. 
Since t h e  vo r t ex  s t ruc-  
Previous t h e o r e t i c a l  c a l c u l a t i o n s  i n d i c a t e  t h a t  the s t r u c t u r e  of a 
vor tex  p a i r  cons i s t i ng  of two equal and oppos i te  v o r t i c e s ,  whether i n v i s c i d  
o r  including turbulence,  w i l l  change very slowly wi th  t i m e  (e .g . ,  r e f .  2,  
p. 413 f f ;  r e f s .  7 and 60).  When t h e  wake con ta ins  two o r  more p a i r s  of 
v o r t i c e s ,  t h e  spacing between t h e  v o r t i c e s  can change s o  t h a t  convective 
merging t h a t  would not  occur a t  t h e  o u t s e t  does occur la ter .  Another conven- 
i e n t  set of gu ide l ines  i s  t h e  vor tex  domain p l o t s  such as those  prepared by 
Donaldson and Bi lan in  ( f i g .  2 .2  of r e f .  7 ) .  The boundaries shown f o r  po in t  
v o r t i c e s  e l im ina t e  vor tex  combinations t h a t  w i l l  probably not  be  matched f o r  
convect ive  merging o r  w i l l  not  s t a y  near  one another  long enough t o  merge. 
The number of remaining p o s s i b i l i t i e s  i s  s t i l l  l a r g e  and s p e c i f i c  s i t u a t i o n s  
must be  analyzed be fo re  t h e  development of s a t i s f a c t o r y  gu ide l ines  has  been 
completed. 
CONCLUDING REMARKS 
Inv i s c id  modeling of l i f t- gene ra t ed  wakes has  provided i n s i g h t  i n t o  t h e  
s t r u c t u r e  of t h e  v o r t i c e s  and i n t o  means whereby wake v e l o c i t i e s  can be 
reduced o r  minimized. The a v a i l a b l e  t h e o r i e s  y i e l d  f a i r l y  good estimates f o r  
t h e  wake-vortex s t r u c t u r e  (but  no t  t h e  a x i a l  flow) produced by t h e  generat ing 
a i r c r a f t  and f o r  t h e  wake dynamics i n  t h e  so- called r o l l u p  and p l a t eau  regions .  
S a t i s f a c t o r y  r e s u l t s  are a l s o  obta ined wi th  i n v i s c i d  t h e o r i e s  f o r  t h e  loads  
induced by t h e  wake on an  a i r c r a f t  as i t  e n t e r s  along a near- axial  f l i g h t  
path .  A s  more comparisons are made wi th  experiment, i t  may, however, be  
found necessary t o  inc lude  unsteady e f f e c t s  and b e t t e r  estimates of t h e  l i f t  
curve. Some a spec t s  of self- induced o r  vortex- vortex i n s t a b i l i t i e s  are 
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approximated by i n v i s c i d  t h e o r i e s ,  b u t  analyses  and experiments c u r r e n t l y  
i n  progress  may i n d i c a t e  t h a t  improved methods are needed. 
The survey of a l l e v i a t i o n  schemes presented h e r e  i n d i c a t e s  t h a t  more 
complete t h e o r i e s  are needed t o  a i d  t h e  understanding of and t o  guide t h e  
design of l i f t i n g  systems t h a t  shed wakes which d i s s i p a t e  r ap id ly .  
of g r e a t e s t  need i s  f o r  methods t h a t  b e t t e r  r epresen t  continuous d i s t r i b u t i o n s  
of v o r t i c i t y  s o  t h a t  flow processes  such as vor tex  merging and l i n k i n g  can 
be more a c c u r a t e l y  modeled. 
numerical a n a l y s i s  of t h e  flow f i e l d  by a f i n i t e- d i f f e r e n c e  scheme, 
ca l  approaches should, however, not  be  r u l e d  out  because well- defined guide- 
l i n e s  can o f t e n  b e  developed i n  t h i s  way i f  t h a t  p o r t i o n  of t h e  flow f i e l d  
which is  of i n t e r e s t  is proper ly  approximated. 
developed, i t  should be  easy t o  use  and should n o t  r e q u i r e  s u b s t a n t i a l  amounts 
of computer t i m e ,  because a l a r g e  number of v a r i a b l e s  and a wide range of 
condi t ions  must be  sys temat ica l ly  considered t o  f i n d  those  t h a t  provide 
a l l e v i a t i o n  and those  t h a t  w i l l  be  optimum f o r  va r ious  a i r c r a f t .  
The area 
The most d i r e c t  approach i s  probably through 
Arialyti- 
I f  a numerical scheme i s  
One approach presented he re  f o r  wake-vortex a l l e v i a t i o n  suggests  t h a t  
t h e  span loading chosen should shed several vor tex  p a i r s  of both  s i g n s  s o  
t h a t  t h e  v o r t i c e s  combine quickly  t o  form a s i n g l e  p a i r  low i n  s t r e n g t h  and 
widely spaced. A way t o  achieve  t h i s  i s  t o  des ign t h e  span loading s o  t h a t  
t h e  c e n t e r l i n e  c i r c u l a t i o n  is much lower than t h e  maximum bound c i r c u l a t i o n  
on t h e  wing. The v o r t i c e s  must then b e  spaced and have such magnitudes t h a t  
they combine by convective merging and l i n k i n g  o r  bo th  t o  form a s i n g l e  p a i r  
no t  too f a r  downstream which i s  r e l a t i v e l y  weak and wi th  a l a r g e  separa t ion .  
It may a l s o  b e  p o s s i b l e  t o  a r range  t h e  loading so t h a t  t h i s  f i n a l  p a i r  is  
a l s o  d ispersed by l ink ing .  
experiments are t h a t  a sawtooth- type loading t h a t  sheds m u l t i p l e  v o r t e x  p a i r s  
of both s i g n s  may provide o r  have b u i l t  i n t o  i t  t h e  self- induced v o r t e x  
excursions needed t o  implement t h e  l i n k i n g  process  and t h e  d i s p e r s i o n  of 
v o r t i c i t y .  However, more g u i d e l i n e s  and a b e t t e r  understanding of t h e s e  
flow f i e l d s ,  of t h e  l i n k i n g  process ,  and of t h e  decay of t h e  v o r t e x  loops 
produced are needed t o  make sawtooth loading a v i a b l e  a l l e v i a t i o n  scheme. 
I n d i c a t i o n s  from i n v i s c i d  theory and from some 
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Prel iminary r e s u l t s  from a t h e o r e t i c a l  two-dimensional s tudy  of con- 
vective merging of v o r t i c a l  reg ions  i n d i c a t e  t h a t  f u r t h e r  r e s u l t s  w i l l  
adequate ly  d e f i n e  t h e  condi t ions  when merging w i l l  occur. B r i e f l y ,  convective 
merging appears  t o  be  an e f f e c t i v e  process  f o r  combining v o r t i c a l  reg ions  of 
t h e  same s i g n  t h a t  are r e l a t i v e l y  c l o s e  t o  one another ,  bu t  i t  is no t  
p a r t i c u l a r l y  powerful f o r  a l l e v i a t i n g  wake v e l o c i t i e s  because v o r t i c e s  of 
oppos i te  s i gn  do not  r e a d i l y  merge convectively.  
I nv i s c id  t h e o r i e s  have played an important  r o l e  i n  t h e  wake-vortex 
research  program. Resu l t s  from t h e s e  t h e o r i e s  should no t  be taken as f i n a l  
nor should they b e  considered as too  i naccu ra t e  t o  be v a l i d .  
c i d  methods a r e  used where app l i cab l e  and when t h e  r e s u l t s  are proper ly  
i n t e r p r e t e d ,  they can cont inue t o  be  u se fu l  f o r  pre l iminary screening of 
wake-vortex a l l e v i a t i o n  schemes. 
When t h e  inv i s-  
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Figure 1.- Flow field produced by lift-generated vortices; distances not 
drawn to scale. 
Figure 2.- Measured spanwise lift distribution on rectangular wing compared 
with loading predicted by vortex-lattice theory assuming that wake is 
flat and that near wake is rolling up; a = 12O. 
communication. ) 
(From B. Maskew, private 
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Figure 3.- Schematic diagram of wake rollup and relationships between span 
loading and vortex structure. 
-1 .o 
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Y 
Figure 4 . -  Rollup of vortex wake shed by elliptic loading calculated by 
inviscid two-dimensional time-dependent approximation; W 
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RADIUS FROM CENTROID, R=r/(b/2) 
F igure  5.- Comparison of s t r u c t u r e  of vo r t ex  shed by e l l i p t i c  loading as  
pred ic ted  by time-dependent method w i t h  tha t  pred ic ted  by the Betz 







- BETZ-VORTEX LATTICE 
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Figure  6.- Comparison of measured vo r t ex  s t r u c t u r e  w i t h  p r ed i c t i on  made by 
t h e  Betz r o l l u p  theory us ing  span loading pred ic ted  by v o r t e x- l a t t i c e  






. I  
I I I I I I 
0 .I .2 .3 .4 .5 
r i b  
Measured vor tex  v e l o c i t y  p r o f i l e s  ( r e f .  
_-- EXPERIMENT-INVERSE BETZ 




0 .I .2 .3 .4 .5 
Y/b 
(b) Calculated span loadings .  
5 3 ) .  
Figure  7 .-  Comparison of inverse r o l l u p  theory wi th  v o r t e x- l a t t i c e  theory  
(from r e f .  56).  
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WATER TANK DATA 
~ 
Q = 5 deg , urn =2.07 m/sec 
WING PLANFORM (rO/ua b) 
0 RECTANGULAR .038 
a SWEPT .063 
0 DIAMOND .050 
.4 I I I I I  I 1 1 1 1 1 1  I I I I I I I I I I I  
.I .2 .4 .6 .8 1.0 2 .o 4.0 6.0 8.0 10.0 
(XI b) fro/ uco b) 
Figure 8.- Maximum c i r cumfe ren t i a l  v e l o c i t y  i n  v o r t i c e s  behind wings a s  
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Figure  9.- Cor re l a t ion  of d a t a  from ground-based and f l i g h t  experiments on 
maximum c i r cumfe ren t i a l  v e l o c i t y  i n  v o r t i c e s  shed by va r ious  conventional 
span loadings (from Iversen ,  r e f .  58). 
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zf )rnax/'L g (a) Contours of equal  rolling-moment parameter, C z f / C L g ;  
z/b, 
(b) Contours of equal  l i f t  parameter,  C /CL ; CLf)max/CLg = -0.88. 
Lf g 
Figure  11.- Roll ing moment and l i f t  induced on the fol lower  wing by the wake 
of a swept wing; t a i l o r e d  loading,  b f /bg  = 0.29 (from r e f .  5 3 ) .  
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FRACTION SEMISPAN, y/b/2 
Figure 12.- Span loadings  p red ic ted  by v o r t e x- l a t t i c e  theory f o r  Boeing 747 
wing wi thout  a fuselage  (from Ciffone,  r e f .  90) .  
CONVENTIONAL SPAN LOADING TAILORED SPAN LOADING 
WAKE ROLLS UP WAKE FROM EACH SIDE 
FROM EDGES ROTATES AS RIGID SHEET 
Figure  13.- Comparison of conventional  wake wi th  hypo the t i ca l  wake designed 
t o  have p a r t s  t h a t  r o t a t e  as a u n i t  without  r o l l i n g  up from i t s  edges 
(from r e f .  20).  
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Figure  14.-  Radial  d i s t r i b u t i o n  of c i r c u l a t i o n  i n  wake v o r t i c e s  shed by 
.90 percent  t a i l o r e d  loading as pred ic ted  by Betz'  theory f o r  f u l l y  
developed v o r t i c e s .  
CONVENTIONAL SPAN LOADING 
r 
SAWTOOTH SPAN LOADING 
WAKE ROLLS UP 
FROM EDGES 
WAKE TRANSLATES DOWNWARD 
AS A RIGID SHEET 
Figure  15.- Comparison of conventional  wake wi th  a hypothe t ica l  wake 










(a)  Large- scale wake mixing. (b) No wake mixing. 
Figure 16.- Wake s t r u c t u r e  p red ic ted  by time-dependent vor t ex  c a l c u l a t i o n s  
f o r  e l l i p t i c  and sawtooth span loadings  (from r e f .  20). 
SAWTOOTH LOADING ON CV990 WING 
CL= 0.7 
Figure  17.- Span loading p red ic ted  by v o r t e x- l a t t i c e  theory  f o r  swept wing 
wi th  seven f l a p  segments per  s i d e  d e f l e c t e d  a l t e r n a t e l y  up and down 15O; 
CL = 0.7 (from ref. 53). 
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Figure  18.- P lan  view of Boeing 747 subsonic t r anspo r t .  
2.0 FLAP SETTINGS 
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Figure  19.- Span loadings ca l cu l a t ed  f o r  Boeing 747 wing using 
v o r t e x- l a t t i c e  theory (from r e f .  83) .  
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CONVENTIONAL LANDING CONFIGURATION 
MODIFIED LANDING CONFIGURATION (LDG/Oo) 
FLAP INBOARD AND 
OUTBOARD VORTICES MERGE 
Fig. 20.- Comparison of two wakes of Boeing 747 (from ref. 83). 
r, = r, 
d, = 1.7d, 
I .  . .  . .  . . . .  . . . . .  
. . .  e. . .  . .  . . .  
I .  VORTEX C.G. LOCATIONS . .  
\ 
T = 3  
. . . .  
.. . .  .: ,.e . * ' . '  ., :. . . . .  * 
* .ffl...' . . e . .  
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Fig. 21.- Merging sequence predicted numerically for two Rankine vortices of 
equal strength, r l  = r2 and ds = 1.7dc. 
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Figure  22.- Case where two Rankine v o r t e x  co re s  do not  merge because spacing 
between them is too  l a r g e ;  ds = 2.2dc, r l  = I?,. 
MORE CONCENTRATED 
VORTEX CORES n ,RANKINE VORTEX 
ds - SEPARATIQN DISTANCE 
d, CORE DIAMETER 
- -  
Figure  23.- Combinations of s t r e n g t h  and spacing requi red  f o r  Rankine vo r t ex  
co re s  t o  merge. 
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